Von Neumann regular ring上の多項式環のGrobner basesの応用 : 特別な場合のcomprehensive Grobner bases (数式処理における理論と応用の研究) by 佐藤, 洋祐
Title
Von Neumann regular ring上の多項式環のGrobner basesの応
用 : 特別な場合のcomprehensive Grobner bases (数式処理に
おける理論と応用の研究)
Author(s)佐藤, 洋祐




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Von Neumann regular ring
Gr\"obner bases
$-$ comprehensive Gr\"obner bases-
(Yosuke SATO) $*$
1
Commutative Von Neumann regular ring Gr\"obner bases $[\mathrm{W}$
$89]$ $[\mathrm{S}93]$ [Sa 98, $\mathrm{S}\mathrm{b}98$ ] .
commutative Von Neumann regular ring Y–)
.
.
comprehensive Gr\"obner bases .
2 Commutative Von Neumann regular ring
$R$ commutative Von Neumann regular ring
.
$\forall a\in R\exists b\in Ra^{2}b=a$
$([\mathrm{S}\mathrm{W}75])_{\text{ }}$
Gr\"obner bases ( $[\mathrm{W}89$ , Sa 98, Sb 98]).
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1 $R$ commutahve Von Neumann regular ring $R[X]/(X^{2}-X)$
commutative Von Neumann regular ring .
$aX+b(a, b\in R)$ $R[X]/(X^{2}-X)$ . $R$ commutative Von
Neumann regular ring $(a+b)^{2}C=a+b_{\text{ }}$ $b^{2}d=b$ $R$ $c_{\text{ }}d$
. $f\in R[X]/(X_{b}^{2}-X)$ $f=(c-d)X+d$ $(aX+b)^{2}f=aX+b$
I
commutative Von Neumann regular ring
comprehensive Gr\"obner bases(
) .
2 $H=R[X_{1}, x_{2}, \ldots, X_{n}]/(X_{122}^{22}-x_{1}, x-X, \ldots , x_{n}^{2}-x_{n})$
$H$ commutative Von Neumann regular ring
Gr\"obner bases .
$H[\mathrm{Y}_{1}, Y_{2}, \ldots , Y_{m}]$ $f$ $R$ idempotent $a_{1},$ $a_{2},$ $\ldots,$ $a_{n}$
$X_{1},$ $X_{2},$
$\ldots,$
$X_{n}$ $R[\mathrm{Y}_{1}, Y_{2}, . . . , \mathrm{Y}_{m}]$ $f(a_{1}, a_{2}, \ldots, a_{n})$
. $H[Y_{1}, Y_{2}, \ldots, Y_{m}]$ $F$
$F(a_{1}.’ a_{2}.’\ldots, a_{n})=\{f(a_{1}, a_{2}, . :. , a_{n})|f\in F\}$
.
$G$ $H[Y_{1}, Y_{2}, \ldots, Y_{m}]$ ) $I$ Gr\"obner basis
(1) $G(a_{1}, a_{2}, \ldots, a_{n})$ $R[Y_{1}, Y_{2}, \ldots, \mathrm{Y}_{m}]$ ) $I(a_{1}, a_{2}, \ldots, a_{n})$
Gr\"obner basis .
$f\in H[Y_{1}, Y_{2}, \ldots, Y_{m}]$ $R$ idempotent $a_{1},$ $a_{2},$ $\ldots,$ $a_{n}$
(2) $f\downarrow G(a_{1}, a_{2}, \ldots, a_{n})=f(a1, a_{2}, \ldots , a_{n})\downarrow G(a_{1},a_{2},\ldots,an)$ .
$G$ $X_{1},$ $X_{2},$
$\ldots,$
$X_{n}$ comprehensive Gr\"obner basis .
idempotent .
3
22 $R$ $G$ .
.
35
SICStus Prolog . neumann-gb $(\mathrm{F},\mathrm{P})$ $\mathrm{F}$ $\mathrm{P}$
. $(Q[a, b]/(a^{2}-a, b^{2}-b))[X, y]$
) $(x*y^{2}+a*x+1, x^{2}*y+b*y+1)$ Gr\"obner basis
. 6 $\mathrm{S}$- $0$
$\mathrm{S}$- ( $0$ )
3 $\text{ ^{}\backslash }-\backslash \mathit{1}\triangleright$ .
1
$?-$ neumann-gb $([\mathrm{x}*\mathrm{y}2\wedge+\mathrm{a}*\mathrm{x}+1, \mathrm{X}^{\wedge}2*\mathrm{y}+\mathrm{b}*\mathrm{y}+1], [\mathrm{a},\mathrm{b}])$ .
$\mathrm{a}*\mathrm{b}*\mathrm{x}^{arrow}2*\mathrm{y}+\mathrm{a}*\mathrm{b}*\mathrm{y}+\mathrm{a}*\mathrm{b}$
((1 - a) $+\mathrm{a}*\mathrm{b}$ ) $*\mathrm{X}^{\wedge}3$ - $\mathrm{a}*\mathrm{b}*\mathrm{X}^{*}\mathrm{y}+\mathrm{a}*\mathrm{b}*\mathrm{X}^{\wedge}2+(1-\mathrm{a})*\mathrm{b}*\mathrm{y}+\mathrm{b}*\mathrm{x}$
$+((1-\mathrm{a})+\mathrm{a}*\mathrm{b})$
(a $+$ (1 - $\mathrm{a})*\mathrm{b}$ ) $*_{\mathrm{y}^{\sim}}2+$ (- a $+\mathrm{a}*\mathrm{b}$ ) $*\mathrm{x}*\mathrm{y}-\mathrm{a}*\mathrm{b}*\mathrm{X}^{\wedge}2+\mathrm{b}*\mathrm{y}-\mathrm{b}*\mathrm{x}+$ (a – $\mathrm{a}*\mathrm{b}$ )
$($ 1 - $\mathrm{a})*\mathrm{b}*\mathrm{X}^{*}\mathrm{y}+$ $(- 1 +\mathrm{a})*\mathrm{b}*\mathrm{X}^{\wedge}2+$ $(- 1 +\mathrm{a})*\mathrm{b}$
(a - $\mathrm{a}*\mathrm{b}$ ) $*\mathrm{X}^{\wedge}2+$ (- a $+\mathrm{a}*\mathrm{b}$ ) $*\mathrm{y}+$ (a - $\mathrm{a}*\mathrm{b}$ ) $*\mathrm{x}$
((1 - a) $+$ (- 1 $+\mathrm{a})*\mathrm{b}$ ) $*\mathrm{y}+((-1+\mathrm{a})+(1 - \mathrm{a})*\mathrm{b})*\mathrm{x}$
6 $\mathrm{s}$ -polynomials are created
$0$ $\mathrm{s}$ -polynomials are detected to be redundant
3 boolean closures are created
2














( $\mathrm{a}*\mathrm{b}+$ (a - $2*\mathrm{a}*\mathrm{b})*\mathrm{C}^{*}\mathrm{d}$ ) $*_{\mathrm{Z}^{\sim}2}+(3*\mathrm{a}*\mathrm{b}*\mathrm{c}-3*\mathrm{a}*\mathrm{b}*_{\mathrm{c}*\mathrm{d})}*\mathrm{y}*\mathrm{z}$
$+$ $(8/3*\mathrm{a}*\mathrm{b}*_{\mathrm{C}} - 8/3*_{\mathrm{a}}*_{\mathrm{b}}*\mathrm{c}*\mathrm{d})*\mathrm{X}*\mathrm{y}+(4/3*\mathrm{a}*\mathrm{b}*\mathrm{c} - 4/3*\mathrm{a}*\mathrm{b}*\mathrm{C}*\mathrm{d})*_{\mathrm{X}^{\wedge}}2$









$+$ $(- 2733/2600*\mathrm{a} - 36855394671/16643465800*_{\mathrm{a}*\mathrm{b})*\mathrm{c}})*\mathrm{d})$
((1 – b) $+$ (- a $+\mathrm{b})*\mathrm{c}$ ) $+((1 - \mathrm{a})*\mathrm{b}+ (- 2 +2*\mathrm{a})*_{\mathrm{b}}*\mathrm{C})*\mathrm{d}$
235 $\mathrm{s}$ -polynomials are created
277 $\mathrm{s}$ -polynomials are detected to be redundant
22 boolean closures are created
. Gr\"obner basis
1
$0$ . $a=1,$ $b=1,$ $c=1,$ $d=1$ Gr\"obner
basis .
$\mathrm{W}^{\wedge}3*\mathrm{y}+2*\mathrm{w}^{arrow}2*\mathrm{y}+64/99*\mathrm{W}^{\wedge}3+5/3*\mathrm{Z}^{\wedge}2+5*\mathrm{y}*\mathrm{z}+227/33*\mathrm{y}2-$ – $1/3*\mathrm{x}*\mathrm{z}$
- $872/297*\mathrm{x}*\mathrm{y}+326/297*_{\mathrm{X}^{arrow}2}$ - $887/198*_{\mathrm{w}}*\mathrm{Z}$ – $223/66*_{\mathrm{w}}*\mathrm{y}+2902/297*\mathrm{w}*\mathrm{x}$
$+283/99*\mathrm{W}^{\wedge}2+604/99*\mathrm{z}+3467/99*\mathrm{y}$ – $628/297*\mathrm{x}$ – $1099/198*\mathrm{w}+$ 2293/54
37
$\mathrm{W}^{\wedge}4-6*\mathrm{W}^{\wedge}2*\mathrm{y}+12*\mathrm{W}^{\wedge}3+60*\mathrm{y}^{arrow 2}-\mathrm{x}*\mathrm{z}-110/3*\mathrm{X}*\mathrm{y}+23/3*\mathrm{x}^{\wedge}2$ – $10*\mathrm{w}*_{\mathrm{z}}$
$-39*\mathrm{w}*\mathrm{y}+251/6*\mathrm{W}^{*}\mathrm{x}$ $+77/2*\mathrm{w}^{\wedge}2-24*\mathrm{z}+355/2*\mathrm{y}$ – $203/6*\mathrm{x}$ – $3/2*\mathrm{w}$
$+$ 451/3
$\mathrm{z}^{\wedge}3+6/5*\mathrm{w}2\wedge*\mathrm{y}+1448/825*_{\mathrm{W}^{\wedge}}3-73/5*\mathrm{Z}^{\sim}2-297/5*\mathrm{y}*\mathrm{Z}+3556/275*\mathrm{y}2\sim$
$+\mathrm{x}*\mathrm{z}-88798/2475*\mathrm{X}*\mathrm{y}$ $+8506/2475*_{\mathrm{X}^{\wedge}2}+38977/825*\mathrm{W}*_{\mathrm{Z}}$ – $586/275*\mathrm{w}*\mathrm{y}$
$-1598/495*\mathrm{w}*\mathrm{X}+16736/825*\mathrm{W}^{\wedge}2$ – $18872/165*\mathrm{z}$ – $37781/825*\mathrm{y}$
$-45773/2475*_{\mathrm{X}}+9634/165*\mathrm{w}$ – 30227/225
$\mathrm{y}^{*\mathrm{z}^{\sim}}2$
– $34/99*\mathrm{W}^{\wedge}3+10/3*\mathrm{Z}^{\wedge}2+10*\mathrm{y}*\mathrm{z}$ – $68/33*\mathrm{y}^{\wedge}2$ – $2/3*\mathrm{X}^{*}\mathrm{z}$
$+1280/297*\mathrm{X}*\mathrm{y}$ – $266/297*\mathrm{X}^{\wedge}2$ – $626/99*_{\mathrm{W}^{*}}\mathrm{z}+2/33*\mathrm{W}*\mathrm{y}$ – $1/297*\mathrm{W}*\mathrm{x}$
$-370/99*\mathrm{w}^{\wedge}2+2018/99*_{\mathrm{Z}}+463/99*\mathrm{y}+1039/297*\mathrm{x}$ – $1009/99*\mathrm{W}+$ 457/27
$\mathrm{y}^{arrow}2*\mathrm{Z}-14/297*_{\mathrm{w}^{-}3}+5/9*\mathrm{Z}^{\wedge}2+10/3*\mathrm{y}*_{\mathrm{Z}}$ – $28/99*\mathrm{y}^{-}2$ – $1/9*\mathrm{X}*\mathrm{Z}$








$+185/33*\mathrm{z}+1555/33*\mathrm{y}$ – $2/99*\mathrm{x}$ – $10/33*\mathrm{w}+$ 451/9
$\mathrm{x}*\mathrm{y}*\mathrm{z}-\mathrm{w}*\mathrm{x}-3*\mathrm{y}-5$
$\mathrm{x}*\mathrm{y}^{\sim}2-1/2*_{\mathrm{W}^{arrow}}2*\mathrm{y}+5/66*\mathrm{w}^{-}3+1/2*\mathrm{y}*_{\mathrm{Z}}+43/22*\mathrm{y}^{\wedge}2+35/198*\mathrm{X}*\mathrm{y}$
$+43/198*\mathrm{X}^{\wedge}2$ – $5/66*\mathrm{w}*\mathrm{Z}$ – $16/11*_{\mathrm{W}}*\mathrm{y}+203/198*\mathrm{W}*\mathrm{x}+35/66*\mathrm{W}^{\wedge}2$
$-25/66*\mathrm{z}+325/66*\mathrm{y}-73/99*\mathrm{x}+29/66*\mathrm{w}+$ 73/18
$\mathrm{x}^{\sim}2*\mathrm{Z}+14/33*\mathrm{w}3\wedge$ – $5*\mathrm{Z}^{\wedge}2$ – $15*\mathrm{y}*\mathrm{z}+28/11*\mathrm{y}^{\wedge}2$ – $\mathrm{x}*\mathrm{z}$ – $760/99*\mathrm{X}*\mathrm{y}$
$+28/99*_{\mathrm{X}^{\wedge}2}+481/33*\mathrm{w}*\mathrm{Z}$ – $28/11*_{\mathrm{W}}*\mathrm{y}$ – $349/99*_{\mathrm{w}}*\mathrm{X}+164/33*_{\mathrm{W}^{\sim}2}$
38
$-961/33*\mathrm{z}$ - $773/33*\mathrm{y}$ – $422/99*\mathrm{x}+497/33*\mathrm{w}$ – 446/9







$+148/495*\mathrm{X}^{\wedge}2+2401/165*_{\mathrm{w}}*\mathrm{Z}$ – $148/55*\mathrm{w}*\mathrm{y}$ – $335/99*\mathrm{W}^{*}\mathrm{x}+848/165*\mathrm{w}^{\wedge}2$
$-965/33*\mathrm{Z}-3803/165*\mathrm{y}-2174/495*\mathrm{x}+499/33*\mathrm{w}$ – 2216/45
$\mathrm{w}*\mathrm{y}*\mathrm{z}-14/99*\mathrm{w}^{arrow}3+5/3*_{\mathrm{Z}^{\sim}}2+5*\mathrm{y}*\mathrm{z}-28/33*\mathrm{y}2-$ – $1/3*\mathrm{X}^{*}\mathrm{z}+760/297*\mathrm{x}*\mathrm{y}$






$\mathrm{w}*\mathrm{x}2\wedge-6*\mathrm{y}2\wedge+5/3*\mathrm{x}*\mathrm{y}-2/3*_{\mathrm{X}^{\wedge}2}$ – $16/3*\mathrm{w}*\mathrm{X}$ – $23*\mathrm{y}+19/3*\mathrm{x}+\mathrm{w}$ –67/3
$\mathrm{w}^{\wedge}2*\mathrm{Z}-\mathrm{x}*\mathrm{z}+\mathrm{z}-2*\mathrm{w}$
$\mathrm{w}^{\wedge}2*\mathrm{X}+3*\mathrm{W}^{*\mathrm{y}}-\mathrm{x}+5*\mathrm{w}+1$





$\mathrm{x}*\mathrm{y}*_{\mathrm{Z}^{\sim}2}-$ a $+3*\mathrm{b}-\mathrm{z}*\mathrm{w}$ ,
$\mathrm{X}*\mathrm{y}*_{\mathrm{z}}*\mathrm{w}*_{\mathrm{f}}-\mathrm{c}*\mathrm{x}+\mathrm{d}]$ ,
$[\mathrm{a},\mathrm{b}, \mathrm{c},\mathrm{d}, \mathrm{e},\mathrm{f},\mathrm{g}])$ .
690 $\mathrm{s}$ -polynomials are created
581 $\mathrm{s}$ -polynomials are detected to be redundant
72 boolean closures are created
4
$R[x_{1}, x_{2}, \ldots, X_{n}]/(X_{1}^{2}-X1,$ $X2^{-^{x_{2}}}’\cdots,n2x^{2}$ –X $R^{2^{n}}$
. Gr\"obner basis
. $R$ Gr\"obner bases $2^{n}$
Gr\"obner basis . $R$ commutative Von Neumann regular
ring Gr\"obner
bases Gr\"obner basis . $n$
$2^{n}$ Gr\"obner bases
$n$ . $H=Q[X_{1}, x_{2}, \ldots, X_{20}]/(x_{11,2^{-}}^{2}-xx2$
$X_{2},$
$\ldots$ , $X_{20}^{2}-X20$ ) $H[Y, Z]$ $((X_{1}+X_{2}+\cdots+X_{20})*(Y^{2}*Z+$
1), $(X_{1}+X_{2}+\cdots+X_{20})*(Y*Z^{2}+1))\text{ }$ Gr\"obner basis $\{(X_{1}+X_{2}+\cdots+X_{20})*(Z-$
$Y),$ $(X_{1}+X_{2}+\cdots+X_{20})*(Y^{3}+1)\}$ commutative Von Neumann regular ring
$S-$ 1
$Q$ $2^{20}$ Gr\"obner bases $\{Z-Y, Y^{3}+1\}$
.
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